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ABSTRACT

The generalized phase shift approach to the rotational excitation
problem, introduced in paper XII of this series, is applied to the atom-
rigid rotor case in the lowest (first order) approximation. The treatment
involves the computation of generalized action integrals over curved
trajectories, Numerical results are presented to illustrate the depend-
ence of the transition probabilities on the usual physical parameters,
as well as a new parameter, éj , which is proportional to the ratio
of the moment of inertia of the van der Waals' atom~diatom system to
that of the diatomic rotor (and thus to the ratio of the collision time

to the diatom rotation time). In the limit ;’—* O |, the development
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reduces to the sudden approximation. In the large impact parameter limit
(straight-line trajectories), the deviation from the sudden approximation
is described by "resthance functions' identical te those ohtained impli-
citly by Van Kranendonk. The numerical results are presented in a manner

which illustrates the deviation from each of these two limits.



The theory of rotational inelasticity in atom-diatom scattering
has received considerable attentionl’zv Although the exact (close-
coupled) solution to the problem has been well formulatedg, because of
the computational difficulty of iis execution various approximation
techniques vetain their importance. A number of approximations based
on either time-dependent (TD) or time~independent (TI) perturbation
methods have been employed; however, relatively little attention has
been devoted to the interrelationships smong these schemes. A step
toward providing a more unified basis for the various approximation
methods was taken in paper X of this series4s There, the equivalence
between the restricted-distorted-wave-Born (RDWB) treatment and the
first-order sudden approximation (SA) in the straight-line trajectory
limit was demonstrated. In the present work, considerable attention
is devoted to relating the new semiclassical method under investigation
to others in the hierarchy of approximation schemes.

The approximation to be evaluated represents the first-order
version of the semiclassical limit of the generalized phase shift (GPS)
development of paper XI1 of this seriess, As note&s, the equations
arising in this treatment are amenable to interpretation in terms of
certain classical dynamical features of the system. The relative trans-
lational motion is assumed to take place under the influence of the
central (spherically averaged) portion of the anisotropic interaction
potential (i.e., a curved but planar trajectory is assumed). To be

noted is the appearance of a parameter, ef » which is essentially



the ratio of the collision time to the diatom rotation time
( Teotn /Trot y. Thus, since the SA is valid only in the 1imit
g —% O » the GPS development provides a direct measure of the impor-—
tance of deviations from the sudden limit. A completely independent
(seemingly unrelated) treatment has been carried out by Van Kranendonk6
for application to the study of pressure broadening of spectral lines.
This method, however, is restricted to straight-line trajectories
(i.e., the large impact parameter limit).
In the following, the first-order GPS equations for atom-—diatom

scattering (with an arbitrary anisotropic potential) are put into
a computationally convenient form and identification of the parameter

:S is made. The relationships betwesen the GPS development and
other approximations are then discussed. In particular, it is shown
that in the large impact parameter limit, the GPS and Van Kramendonk
methods yield identical nesults7. Finally, a set of calculated first
order GPS transition probabilities for selected values of the parameters
in a model atom~diatom system are presented. Inspection of the results
permits conclusions to be drawn on the importance of deviations from

the SA in the curved path and straight-line trajectory treatment.
1. EQUATIONS FOR FIRST ORDER GPS TRANSITION PROBABILITIES

The most general form of the anisotropic intevraction potential is

the expansion of Eq. (V-—S)8 which, for the atom—diatomic case is:

\/(K”, ) P \/Lozw) 4 % ‘U"L”(L)r) P; ((.05 3@ (1)



Here, r is the distance from the atom to the centér of mass of the
diatom; C) is the angle between r and the diatom axis; and the
PL are Legendre functions.

In the first order approximation the exponential in the expression
for the transition probability (Eqs. (XII~-46) and (XII-72)) is expanded
and only the linear term is retained. By a development only trivially
different from that used»in obtaining Eq. (XII-78), it is readily
shown that for thé potenﬁial of Eq. (1), the first order GPS expression

for the probability of transition from initial rotor state _#@ to

L for an initial relative angular momentum indexed by A is
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Here M 1is the reduced mass of the atom-diatom system, L indexes
the Legendre fumctions in Eq. (1), 1;“’(L.,r) is the radial part of
the anisotropic interaction potential associated with L , and the
DL(S)St are the usual representation coefficients. The angles 4
and y/ are defined by Eqs. (XII-52) and (XII-56), and are given

explicitly by:



o0

ALr
Q(r).:: l)g r?-L _2MVE Al
r l .h;.‘:z —V"-;' (3)
and
M =
W ML 5 2 MV bz “!/2’
M= =+ - - e = 2
to= P - S AT 57 13 ]
(4)

.-
~ At3
Here, as usual, b is the classical impact parameter (b = T ),

o) —

\/ is the orientation-averaged interaction potential, Tw k=Mv
is the initial relative (linear) momentum, and I is the moment of inertia

[€-)] Q)

of the diatom. The angles 6 and S" are the values of

ér) and ()V(ﬂ at r= Yo , the outermost zero of the
square~root quantity in square brackets.

Utilizing the properties of the representation coefficients, Eq. (2)

can be rewritten:
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where the coefficients BL“_A, are defined by:
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and the S(@a are spherical harmdnicsg.
Eq. (5) implies that for an interaction potential of the form of
Eq. (1), with only- L =1 and L = 2 terms, onl‘y‘r& Z-—*Iil and
,z"f,zifZL transitions are allowed. Using the properties of the

3-j symbol, for such a potential
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As expected, for L = 1 or 2, the anisotropy of order L induces
only transitions j»———-kji‘ L . The indices _4 and

' )
in Eqs. (5) - (8) are restricted through the YS to integer values

between ~L and +L. From Eq. (6) and the symmetry properties of the

spherical harmonics, it follows that
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For the limiting case of large /e > the 3-j symbols can be

approximated to yield the /Z - independent limiting forms:
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It is noted from Eq. (6) that the needed BLQ(,J; coefficients
(L~}
require spherical harmonics involving the angles ‘/j and (7‘/
For the purpose of subsequent analysis it is convenient to consider the
constant multiplier in the expression (Eq. (4)) for these angles. This
quantity multiplied by the impact parameter, b , forms a new parameter,
say §’ , which is proportional to the ratio of the collision time to

the diatom rotation time, as is seen from the following. For a rigid
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rotor in the limit of high /Z (i.e., energy levels approximated
—-212

by Ej =4 h /2= I ), the classical rotation period is

given by

Trot = lﬂl/%ze (14)

Utilizing this relationship, the multiplier can be put into the form

MI _ ,Z‘C.o“ . §/
'< I b Trat b (15)
where
~— _ amh
Teen T Ty (16)

is one definition of the collision time (viz., the time required for a
free particle to traverse a distance £ T b ). The parameter §
proves useful in establishing the relationships between the GPS approxi-
mation and other first-order semiclassical treatments. In Section II,
a more convenient and fundamental factorization of § is introduced.
It has been noted5 in XII that in the limit (IU (or E )
w3 O (see Eq. (4)) the first-order GPS transition probability
expression, Eq. (2), reduces to that obtained from the first-order
(curved trajectory) SA. Further, since the GPS expression arises from

a TI development, in this limit it must also correspond identically to
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the restricted distorted wave {RDW) resqlt (if the wavefunctions are
approximated by WBK semiclassical functions}. A less obvious connection
is ‘the relationship between the asymptotic (large impact parameter)
limit of the GPS approximation and the Rreviously mentioned straight-

§
line trajectory first order TD treatmeﬁt of Van Kranendonk? This con-
nection is established in detail in Appendix A. In partlcular” Lt is

shown that for a potentlal having an anisotropic portion

C
) v n
Vo (L,\") = * r" PL (‘Ccs @) an

_fwhéfé AL'ﬂ41 or 2 ) both methods yleld 1dent1cal results for the transi-

nl0 which

tion probabllltles and the assoclated 'resonance functions
| gqrrect for the deviation from the "sudden" character of the collision.
The resonance fuﬁcﬁioné:obtained are given in terms of modified Bessel
functions of the second kind with argument L.‘g
5" 2 .
RCE) = e o) + Ko ()] 5 umn)

{ 3 n+)
R(S) = Z-n-'?.(nz_gn_’_a)[r‘(%l)]z {E(Z g) l n_%_(l §) (18)
6 (D™ KL @S + 5 [N K, (21)

-3 Kay 19 -3(2 0 Kng 29)'f 5 (-72),
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II. MODEL CALCULATIONS

A. Method

In the computations, the atom-diatom interaction potential was

taken to be of the form

\/(r) ®) =C, r"z[_l.‘”:‘ P (cos@) + EJ_ s:;(COS @}]" Cﬁéi"‘éﬂ + G, PJ.(‘°5 @ﬁ (19)

where al , b, » and b; are anisotropy parameters, and
C,.= 4ee'z , Co=HHee® , where €& and G are

the usual well depth and size parameters. It is convenient to introduce

the usual reduced impact ‘parameter E*:ﬂ b/ & s energy £ = E / €

and de Boer quantum parameter A* = h /6" (2M€) %2 . It is also

*
convenient to change the integration variable from r to Y= b'e/r .

Utilizing these quantities, Eqs. (3) and (4) become:

i
= )\ Ty v

(20)
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and
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where

Making use of the model interaction potential, Eq.(19), the BL@«,@

oa _ >

may also be rewritten,:
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where the Sn &,
?

are generalized action integrals (cf. Ref, 11),

here given hy:

“) (,_,‘_,.. et S‘/c A)‘ il
nee = (0F) o L1=y - vore]h

X [Y,f(‘#o) f‘(@, o)+ Y. "2y o) \Qﬁ(,.ze"z, &, oﬂ , (25)

&)
(Note that in the sudden limit all the 2 n, ¥, 4 integrals

vanish except those for which & = 0),
Introduping the reduced variables into the definition of § (Eq,
(15) ), it follows that

B EAT M E ¢
g = 177?*?*1' | ;:J‘TTW ‘
(26)
where
- . €*
§ = A
(27

is clearly a characteristic of the gystem ,undw. investigation, It
should be noted that the quantity M 6""'/ I is gssentially identical,
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to that used by Lester and Bernste:’i.n:L2 to characterize the "strength of
the coupling", namely the ratio of the moment of inertia of the atom-
diatom system to that of the diatom, designated M rmz / I

Inspection of Eqs. (20) - (27) reveals that the first order GPS
transition probabilities, Eqs. (12) and (13), are functions of E*, b*,
./gf » the anisotropy parameters 45, s X, , and bz and
the new parameter ; . For certain choices of the anisotropy
parameters, the dependence of the transition probabilities on them and
on N can be factored out. The three such cases considered
‘here are: (1) a, = b, =0 b, # 0 (1.e., an r'? P,(Cu@)
repulsion); (2) &y =b=0o , b,#0 (an 17'* 2 (cos ®)
repulsion); and (3) b. =0 s A, = b,_. +0 (an T""Ez (Cos @)
repulsion plus an r"é' Pz. (cos @) attraction with equal anisotropy
coefficients). TFor these combinations, the transition probébilities
of Eqs. (12) and (13) can be factorized in terms of "scaled transition

probabilities", £ , defined by

P anje b ga% b)Y = (B b p (580 | EX LY 2)
(28)

and

P2 Fe2 | EXL* £ A ag, by) = () b p (£5822|E77%). i
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The scaled transition probabilities which are functions of only the
three variables are the quantities of interest. The calculations con~

sisted of generating values of the 70)5 over a three dimensional

% - 3%
gridl3 in £ R A , and ;,
B. Calculations

All computations reported herein were performed on the University
of Wisconsin Computing Center Univac 1108. For determination of the

reduced turning points (yo), a standaxd Newton—-Raphson14 algorithm was

P} Ca)
used. The angles & , e’ . 9L} s 4 , and the
L) ‘
S;n of integrals were evaluated by the Gauss-Chebyshev
)&, A

quadrature techniquels° The considerable amount of programming required
was checked in several ways. All routines were hand-checked for arith-
metic accuracy on simple example problems. In addition, the Yo and

69(0? calculations were checked against independently generated
tablest®. The i:ix,Au integrals in the limit & = O were
checked against independent tables17 and analytical asymptotic expressionsll.
Finally, asymptotic transition probabilities (for various ff )
were checked against values resulting from asymptotic expressions
(Eqs. (A27) and (A28)). In all cases, numerical agreement to about
four significant figures was obtained.

For each of the three sets of anisotropy parameters, values of the

scaled transition probability ( - ) were calculated over the three
dimensional grid defined by E*= [, 3, /0 s b¥=o0.5 09, (-0,

lt, L2, (3, 1.5 ,2.0 and £ =0,/70, 20,30 | 1y
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addition, calculations at & = 30, were also performed.
The results obtained are illustratedl8 in Figure 1. As would be
expected, deviations from the sudden limit (% = O ) are most serious
Eif'

for large values of the parameter ;? and at low . They
are most pronounced for the potential with the long range attractive

anisotropy (i.e., a,=b, 20 , b, =0 ).
C. Analysis

In an attempt to isolate the sources of the deviations from the

sudden limit, the following data analysis was performed. The ratio

- p(E* b* 7))
R(EXN L E) = Z0E% 55, 0)

(30)

gives directly a measure of the deviation of the present curved tra-
jectory results from the first order SA in the curved trajectory treatment,.

It is convenient to define another ratio

L R(E* 6% 5)
(: ( ﬁf) b R ;’J = R(5)

(31)

where [? (EF) is the Van Kranendonk resonance function. This
ratio represents a combined measure of the deviation from the sudden

limit and the straight-line trajectory approximation. To be more



»

p(E B0

- v r v - A .
i E* | . E%3 E=10 1
. ]
107 -
[~ 3080 7]
lo*?__ o
'0°3 ’ ‘
'~ -
-~ 20 -
30 -0
- by 0
[ [0 0 o -
1072}~ . _
10~ 1 L | | |
i - -
~ -
107
1074~
1073 1 ]
O 1.0 200 1.0 290
] ®

Figure 1. Scaled transition probabilities (cf. Eqs. (28) and (29)) for

" T w . :
various E and.é’ as functions of b . Each row of frames

correspbnds to the indicated choice of nonzero anisotropy parameters
_ == ) P ;

-

in Ea. (19).
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explicit, combining Eqs. (30) and (31),

pEL L S) = C(ET B 5)R(S) p(E7 b5 0).

(32)

Thus C(E,‘,. 13*) ;.)

represents the additional correction required
to be applied to curved trajectory SA calculations after correction by

the straight-line resonance function.

For each choice of the anisotropy parameters, the quantities

/Q(SF) were evaluated from Eqe. (18). For the potentials with a
Pz (CCS @)

anisotropy, the Bessel functioms are half integer order

and, hence, may be written explicitlylg. For two of the three cases

of Sec. II-B the following expressions for the resonance functions

(Eqs. (18) ) result:

-2(2%) | :
n . Ps
R(¥) = [L(1e395)*+ 3(2835)7] {2’ [(28)%+ 21057 210 G26)"

+ 1260 (25)% + 4725(25)"+ 10395(2 5)4.10375]2.;.2 [(zf_)"

2
L 1S(26)5 & jos(2 ) s 420 8)3 + 145 (25) 4 T45C2E)]

+3[@H iz T0a@n" 1 42008 +1365Qs)

+2835(2%) + 133512}

Case 2:
(4=b=0, b,#0 )  (33)
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R(%) = e“"“f‘)LZ’ O+ @ 2o

+E 2’42297« ], (34)

Case 3:
(b,=0 ,a,=h%0)

For the potential with the ﬂ (cos @) anisotropy (b 20, %= k=0 ),

the K's are integer order and require computer evaluation%o

The calcula-
ted resonance functions are presented in Figure 2.

Values obtained for the C(E%b*¥) are given in Tables 1, 2 and 3.
As is evident, they ranged from order unity to very large. For the

cases £%¥=/0 ,§=/0,20,30 they are presented graphically in Fig-

ure 3.

ITT. SUMMARIZING DISCUSSION
|

The results presented Here should prove useful in gauging the
importance of deviations from the first order SA. In that the fundamen-
tal quantities ( S.(:;),,g,,d, integrals) depend only on characteristic
parameters of the system, they are readily transferable from one situa-
tion to another. The scaled transition probabilities calculated for
the three special cases give a clue as to when deviations from the SA
might be expected to be large.

The present work demonstrates that the first order GPS development
represents the next logical step upward from existing first-order semi-

classical perturbation methods. In addition, through the parameter éf
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TABLE 1 C(E , b, g) for Case 1 (bl #0, a, = b, = 0)

2 =Py
z = 10
%
X 1 3 10
*
b
0.5 1.0209 ( 0) 1.0018 ( 0) 9.9965 (~1)
0.9 1.1460 ( 0) 1.0351 ( 0) 1.0067 ( 0)
1.0 1.1897 ( 0) 1.0441 ¢ 0) 1.0072 ( 0)
1.1 1.2383 ( 0) 1.0511 ( 0) 1.0058 { 0)
1.2 1.2905 ( 0) 1.0524 ( 0) 1.0032 ( Q)
1.3 1.3443 ( 0) 1.0404 ( 0) 1.0014 ( 0)
1.5 1.4231 ( 0) 1.0039 ( 0) 1.0003 ( 0)
2.0 9.8929 (-1) 9.9991 (~1) 1.0000 ( 0)
= 20
*
\\\\g\\\ 1 3 10
®
b
0.5 1.0934 ( 0) 1.0085 ( 0) 9.9871 (~1)
0.9 1.7180 ( 0) 1.1486 ( 0) 1.0273 ( 0)
1.0 1.9842 ( 0) 1.1887 ( 0) 1.0291 ¢ 0).
1.1 2.3106 ( 0) 1.2204 ( 0) 1.0236 ( 0)
1.2 2.7012 ( 0) 1.2257 ( 0) 1.0127 ( 0)
1.3 3.1469 ( 0) 1.1672 ( 0) 1.0052 ( 0)
1.5 3.8569 ( 0) 1.0042 ( 0) 1.0009 ( 0)
2.0 8.9665 (1) 9.9602 (-1) 9.9995 (~1)
z =30
\\\gj\\ 1 3 10 30
E3
b
0.5 1.2416 (0) 1.0229 ( 0) 9.9752 (-1) 9.9863 (-1)
0.9 3.3079 (0) 1.3677  0) 1.0629 ( 0) 1.0124 ( 0)
1.0 4.4869 (0) 1.4753 ( 0) 1.0671 ( 0) 1,0097 ¢ 0)
1.1 6.1723 (0) 1.5631 ¢ 0) 1.0540 ( 0) 1.0052 { 0)
1.2 8.5190 (0) 1.5757 ( 0) 1.0284 ( 0) 1.0023 ( 0)
1.3 1.1680 (1) 1.4010 ( 0) 1.0109 ¢ 0) 1.0010 ¢ 0)
1.5 1.7651 (1) 5.8188 (~1) 1.0013 ( 0) 1.0002 ( 0)
2.0 7.1149 (1) 9.8351 (~1) 9.9951 (-1) 9.9432 (-1)

+Number in parentheses represents the power of ten by which each entry
is to be multiplied. ‘
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TABLE 2 C(E , b , Z) for Case 2 (bl = 3

cf/
% /=
%

‘—l

0.5 1.0074 (0)
0.9 1.3731 (0)
1.0 1.5270 (0)
1.1 1.7153 (0)
1.2 1.9427 (0)
1.3 2.2130 (0)
1.5 2.8712 (0)
2.0 1.0346 (0)

o
%/ =
=

0.5 1.1463 ( 0)
0.9 4,372 ( O)
1.0 6.7631 ( 0)
1.1 1.0752 ( 1)
1.2 1.7379 ( 1)
1.3 2.8120 ( 1)
1.5 6.2061 ( 1)
2.0 6.3572 (~1)
%
\\{Ei\\ 1
¥

b

0.5 1.6494 (0)
0.9 3.0668 (1)
1.0 7.4926 (L)
1.1 1.8934 (2)
1.2 4.8422 (2)
1.3 1.2146 (3)
1.5 5.0082 (3)
2.0 1.2325 (0)

g

W HEWWwWWwNd N

= 10

9.

8080

1.0617

R el ol el

I N

[}
(o5
(=]

W

.3396
.1977
.8074
4729
.8759
.1903
0473
. 3452

.0866
.1106
.1321
.1551
.0969
.0146

. 4569
3495
4994
.6507
.7611
. 7249
.1620
.0025

(-1)
( 0)
( 0)
(0
( 0)
( 0)
( 0)
(-1)

(-1)
( 0)
( 0)
¢ 0)
( 0)
( 0)
¢ 0)
0

2

=0, b, # 0)

Y el e el )

+ Number in parentheses represents the power

is to be multiplied.

10

9.9061
1.0064
1.0092
1.0116
1.0137
1.0125
1,0071
1.0019

10

9.6523
1.0336
1.0461
1.0533
1.0535
1.0428
1.0211
1.0041

10

.3064 (-1)
.1003 ( 0)
.1319 ( 0)
21397 ( 0)
.1170 ( 0)
.0785 ( 0)
.0308 ( 0)
.0029 ( 0)

(-1)
¢ 0)
( 0)
( 0)
¢ 0)

¢ 0)
C0)

(-1)
0)
0)
0)
0)
0)
0)
0)

ENETNNEN N NN

T e e R,

30

. 7244
.0071
0112
.0134
.0124
.0097
.0051
.0000

(-
(
(
(
(
(
(
(

of ten by which each entry
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TABLE 3+ C(E, b, C) for Case 3 (bl =0, a, = b2 # 0)

*

U/
%/

%

N OO

&

owvwNRFROWKn

U/
*/
*

et

1.8142 (~1)
4.8140 (~-1)
6.6458 (-1)
9.4246 (-1)
1.,3718 ( 0)
2.0521 ( 0)
5.0121 ( 0)
1.0847 ( 0)

0.5 3.4701 (-2)
0.9 4,6047 (-2)
1.0 1.0748 ( 0)
1.1 2.6301 ( 0)
1.2 6.5952 ( 0)
1.3 1.6485 ( 1)
1.5 7.8000 ( 1)
2.0 3.0991 (-1)

o
/j/4:/
&
ot

7.1556
3.6446
1.0374
2.8948
7.6702
1.8118
4.0437
8.0532

oUW N I OWYWU,

»

N OO
& & L) a & -

(-1)
(1
( 2)
( 2)
( 2)
( 3)
¢ 3)
(3

z =10

2.7901 (-1)
6.5922 (~1)
7.9823 (-1)
9.7146 (~1)
1.1953 ( 0)
1.4613 ( 0)
1.3187 ( 0)
1,0400 ( 0)

1.9061 (-1)
3.3476 (-1)
5.3654 (~1)
8.7868 (-1)
1.3867 ( 0)
1.8433 ( 0)
1.2143 ( 0)
9.7710 (-1)

z =30

1.0355 ( 0)
9.4898 (-1)
8.9354 (-1)
9.5042 (-1)
1.2841 ( 0)
1.4799 ( 0)
6.5302 (-1)
7.4437 (-2)

10

1.8541
1.0905
1.0497
1.0692
1.0795
1.0663
1.0343
1.0076

10

4.0092
1.0338
9.5520
1.0681
1.1349
1.1159
1.0506
1.0046

10

7.0495 ( 0)
1.1192 ( 0)
7.2443 (-1)
9.0428 (-1)
1.0478 ( 0)
1.0550 ( 0)
1.0082 ( 0)
9.8428 (-1)

(0)
(0)
(0)
(0)
(0)
(0)
(0)
(0)

1

NN NN NN
OO OOKOO
N N M N Sl N NS

30

1.2425
7.7031
1.2034
1.0790
1.0437
1.0278
1.0096
9.9726

22

+ Numbers in parentheses represent the power of ten by which each entry

is multiplied.
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it emphasizes the importance of the moment of inertia ratio, M &*/1 ,
in determining the accuracy of the SA.

Drawing on the previously mentioned results of papers X and XII,
it is now possible (in the limit of large .2? ) to congolidate the
various first-order semiclassical perturbation treatments into the
23

hierarchy illustrated " din Figure-4.
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Figure 4. Hierarchy relating various first-order semiclassical treatments
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see text.
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APPENDIX A

For atom-diatom scattering, the starting point for the Van Kranen-
6
donk treatment is the usual first order TD perturbation formula 21 for

sy

the degeneracy~averaged probability of scattering from rotor state _Z

to £ .

+ 50 .
- I uﬂ‘.&_g : ) Y cwt -
R Lu | UL Ry e T ot
P4 £ 7\)—-(2,@+|sz ’6_.”< x| " (AL)

Here M and _& are respectively the final and initial rotor orienta-
tion quantum numbers, & is the transition frequency (( E_Q—Ei)/ﬁ ),
and <f/4 ' 'U'U)(L) ) ‘j,&'? is the matrix element of the L th
anisotropic portion of the interaction potential between the final

(j/»‘ ) and initial (jﬁ ) rotor states.

For simplicity, the potential is here assumed to have an anisotropic

portion given by

Cn
v (L, ey = 2 R FL(ces @ (A2)

where L = 1 or 2. It is convenient to introduce the coordinate
o 11 F) '
system of Bernstein and Kramer™™ and to expand the IR Legendre

function in terms of the angles e |, P e’ , ¢ . Thus,

4
v(n)(L) r) = (2L+1)

Crv'“ Z_. YL_M(QﬁP)* Y."(e5 99 (A3)
14
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and, from Eq. (Al),

167w2C, +°°m . vt g
P e, )“(-zt-+o’-cz,eu>1a’-z::!2.§’f“ (o125 e pe =
(Ad4)

The first-order SA results from evaluating (A4) in the limit w
—% O (i.e., energetically degenerate rotor states). The Van Kranendonk
treatment retains W % O but assumes a straight-lime trajectory.

Thus, introducing the usual straight-line approximations:

r=(b*+v*t2)"* : smeo=biy ; 9=o0

(A5)
and the new variables:
. - vt
X = “ b/ ) z = /b
(A6)
Eq. (A4) becomes:
P(E; ze1; 5 e Co S Coul
YR = /
s AL h) (ZL*l)z(l,é—+l)‘t,3’bz"‘2 V2 l -?r“ (9 CP)lj,u?
A3,
+ oo ixz 2
X g € Y "(e,0) (l+2‘)"’-\ .

(A7)



o T Ca X" 2 2
P&i il}?ﬁ)"—'—' 3H22" bln-zvz[l-\(giﬂ)]Z [Kn/).()() + K%"(X)]

N\

28

The integrals over Z form=~1L, ~L+1, ..., + L are easily

evaluated22 in terms of modified Bessel functions of the second kind in
the variable x  (which will be shown to be closely related to ¥

of Eq. (15) ), and

Myt N[5~ = | (RE+(2+1) (2.T+0) £ L2 z.,e”
<1/*lr_ (@,?)!ﬂ#)" Y ] (a oo)CM mﬁ . (A8)

Thus, after simplification, making use of the orthogonality properties

of the 3-j symbols and invoking the large 4 limit:

(A9)
1.’1"2‘2;%): ,Mzizfizzn,,z[‘q(%ﬂz {}_3' x™ Kzfa (x)
+6x™ Ky 0+ 7 [(ne3) X% Kng (0 (410)
- 3 x% Ka3(x) - 3x°2 Kn,_,(X)l }

2

As noted previously, the first order SA is obtained in the limit

@

W (or X )y —» O | For small x ,
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n=l

2
Kn(X)’V "xn P(n))

(A11)

so that

) Cn M(rey 1%

P(,@;/{i‘l;};)xzo = ¢ £ A2 2 ( r_z_i_g)
(A12)

and

. 3w CE n*-30+3 71 (2H 72
P(Zid22;5), = qok Breve ne NEN (413)

Thus, for the potemntial (A2), the Van Kranendonk "resonance functions"
which measure the deviation from the SA in the straight-line trajectory

approximation are:

PE; It X" [z 2 s
RO = gz .. = 2 [1E)° Ka0+ Ky, (] 5=
(A14)
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and
P(I; 422 ) — \ . §3 nvip 2
RGO = p7; 742 20k=0 272 (n*=3n+3) [I"(”;{-')]z {E’ X K!‘ii‘ (x)

ntl jc® L s -3, ~3x% i y

(L=2)

(These expressions are believed to be new; previously published resonance
functionsG’21 refer to dipole~dipole potentials,)

It will now be shown that expressions identical to Eqs. (A9) -
(Al5) result from the asymptotic (large impact parameter) limit of the

GPS development. From Eqs. (2) and (A2), in the limit of large b,

- /62 M*Cn 2 Q2T Z (xtL),e L T (« )\z_
PZzL 7 = Qoo we /e ZJ o <)L s (A16)

wi

where

IL("‘,A) __-:S P B ) %, [Y (‘!"0) (9; 0) *l'Y (29110»9/0) K4(26'?3 o, 0)] “

o

(A17)

By expanding the sum over of in Eq. (Al6), evaluating the 3~j

symbols in the high _#¢ limit, and making use of the properties of

the spherical harmonics, one finds:
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/677’7'/‘42'an 2 Z
P(Z;72,3) = 277 E% {[I;(ho)} +[T, ¢o,n] }

(A18)
and
o 42 M*Cy 2y ) 2
P(I,”{j:z_; 7,) - /.Z:};",(;l {2- [(l) IZ (O)Z) Iz_ (2)Z)j
+ [(%)yzll(o,o)—ll(z,o):]z' + 8 [Iz(l,a)]z}. o

(o)
For large b (small angles of deflection X = m-28 ) the angles,

Egs. (3) - (6), can be evaluated to yield:

7 b . (6) L
= 5 - coes”'(F & =z
e 2 s (r ) ) Z (A20)
and
f 2 bz') ‘/2. . ('U {od - O
W= (1 ) =0
(A21)

Utilizing these limiting forms in Eq. (Al7), it is readily shown that

3§
I, (o) = V@b 2% (¥

) Ka(5)

(A22)
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ﬂ/z-
3% K
I, o= T g Ng ) (123
e
3 "1'{’ 0,2y~ L (2 - 7C28) *
Bz) 1,00,2) z.( "2)} TS 1,““,2'%:"-7/‘(’155) Kﬂfﬂ(’zf)
(A24)
3\ 4 sz 1 s
[T 00-T,q0] 22 [ 0¥ 3263
rTa 2 "’).] mb™22 | rrg Kn_f«(lf)"‘gp(%z) (A25)
and XK%(ZE).]
nitt
T.¢hLn = ,5‘(:23-) - K ,
s @ b2 r(n) Nen (28), (a26)

Inserting these into Egs. (A18) and (A19), it is found after simplifica-~

tion that,

o . _ WMZan g" . K;(f ‘<2
PZiaxi; %) = S3emz o oG [ 2(5)+ Ky ()]

(A27)
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- 37"&&(’: 3 ntl, 2
P(Z;li‘.&; ) = /Ofiqg;lb'm'lu?"ﬂ‘l;f"(%)]z {'{ (2 %) Kﬂitl (2 £)

N+l 2 i -
628 Kng 26) + § [(nen) @Y Kz (26
! Nl (A28)
"30HT Ky 29 -32O% Ko )] |
A 2
Noting that V= =Hh" R m* and, in the high ,Z limit,
X = (L-2) f , it is seen that Eqs. (A27) and (A28) are identical,

respectively, to Eqs. (A9) and (Al0).



APPENDIX B
w)
Tables of Sn,u,A' Integrals

(Defined in Eq. (25))
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An incidental benefit of the present work is that the straight-line
trajectory resonance functions, Egqs. (18), can be applied directly
to improve the RDWB results given in paper X (Ref. 2(b)) for an inverse

*
power potential (n > 2). For a specific system, given /\

2
- ® ®
M, /¢ , and &  at a designated E , for any b the value of
§’ and hence R(§ ) can be calculated. R( € ) then enters as

®
a multiplicative correction to the b ~dependent RDWB transition

probabilities (Eq. (X-21)).



